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Abstract 

Energy- Casimir functionals are a useful tool for the construction of 
steady states and the analysis of their nonlinear stability properties for 
a variety of conservative systems in mathematical physics. Recently, 
Y. Guo and the author employed them to construct stable steady 
states for the Vlasov-Poisson system in stellar dynamics, where the 
energy-Casimir functionals act on number density functions on phase 
space. In the present paper we construct natural, reduced functionals 
which act on mass densities on space and study compactness prop- 
erties and the existence of minimizers in this context. This puts the 
techniques developed by Y. Guo and the author into a more general 
framework. We recover the concentration-compactness principle due 
to P. L. Lions in a more specific setting and connect our stability 
analysis with the one of G. Wolansky [O]. 



1 Introduction 

The purpose of the present paper is to investigate the compactness properties 
and existence of minimizers of certain functionals which appear naturally in 
the stability analysis of various systems in kinetic theory. Given a large 
ensemble of particles which interact by gravitational attraction we consider 
energy-Casimir functionals which are defined on the space of phase space 
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density functions, and certain reduced versions of these which are defined 
on the space of spatial density functions. This reduction procedure should 
put the techniques developed in |]I], 0, ^, ^, |T^, |n| into a more general 
framework and make them applicable to problems outside kinetic theory. 
However, to be specific we start by recalling the Vlasov-Poisson system which 
describes the time evolution of a large ensemble of particles interacting by 
the gravitational field which they create collectively: 

dtf + v-dJ-d,U-dJ = 0, 

Af/ = 47rp, lim U{t,x) = 0, 

\x\^oo 

p{t,x) = J f{t,x,v)dv. 

Here the dynamic variable is the number density / = f{t,x,v) of the ensemble 
in phase space, GlR'^ denote position and velocity, p = p{t,x) is the spa- 
tial mass density induced by /, and U = U{t,x) is the induced gravitational 
potential. It is straight forward to check that 

J J Q{f{t,x,v))dvdx + ^J J \v\^f{t,x,v)dvdx-^J J ^^^j^lf^i'^^ dxdy 

is conserved along solutions for any suitable scalar function Q. The first part, 
which is conserved by itself, is a so-called Casimir functional, the second is 
the kinetic and the third part the potential energy of the system. When 
viewed as a functional on phase space densities f = f{x,v)>0 we denote this 
functional by Tic- It is fairly straight forward to see that any minimizer of 
this functional subject to the constraint 

J J f{x,v)dvdx = M 

with prescribed total mass M > is a steady state of the Vlasov-Poisson 
system. It is far less obvious that such minimizers exist and that they are 
nonlinearly stable. When analyzing the minimization problem 

nc{fo)=infl^nc{f)\f>0,JJfdvdx = MY (1.1) 

one needs to make sure that one can pass to the limit in the (quadratic) po- 
tential energy along a minimizing sequence. Obviously, the potential energy 
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is not a functional of / itself, but of the induced spatial density p, and the 
crucial question is how along a minimizing sequence the spatial density can 
or cannot split into parts or spread uniformly in space. This was analyzed 
in the context of the Vlasov-Poisson system and with various variations in 



In the present paper we want to bring out the basic mechanism more 
clearly and in a framework not restricted to kinetic theory. To this end we 
construct in the next section a reduced version Ti^ of the energy- Casimir 
functional Tic, which will be defined on spatial densities p, 



n'c{p)= [ ^p{x))dx-]- f f dxdy 
J ^ J J \ y 



with $ a function determined by which is convex if Q is convex. Then we 
explore the relation between the variational problems 

H^(po) = inf Ip > 0, 1 pdx = m| (1.2) 

and ( |1 . 1| ) , in particular we will show how a minimizer of the reduced prob- 
lem ( |1.2|) induces a minimizer of ( |1.1|) . In the third section we reformulate 
the techniques developed for ( [L.lD in the framework of (|1.2| ) and obtain the 
existence of a minimizer po under appropriate conditions on In particular, 
we prove the essential part of the concentration-compactness principle due to 
P.-L. Lions PI by a more direct method based on scaling and splitting. In the 
last section we discuss the role of symmetries in the problem and point out 
some applications and extensions of our results. An example of a function $ 
which satisfies all the necessary assumptions is <I>(p)=p^+^/" with 0<n<3. 
In this case the potential Uq induced by a minimizer po is a solution of the 
semilinear elliptic problem 

AUo = {E^-Uo)\, lim ?7o(x) = 

where (■)+ denotes the positive part and Eq is some constant . This equation 
is sometimes referred to as the Emden- Fowler equation and appears naturally 
in the study of self-gravitating fluid balls. Throughout this paper we restrict 
ourselves to the case of space dimension 3; extending these techniques to 
other space dimensions by adjusting various exponents is easy. 
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2 Reduction of energy-Casimir functionals 

For a measurable function f — f{x,v) we define 

Pf{x):= j f{x,v)dv, xelR^, 

and ^ 

Uf-=-Pf*—y 

Next we define 

Ekmif) ■=\JJ \v\^f{x,v)dvdx 

— Epot can equally well be viewed as a functional of p instead of / — , and 

^c(/):=C(/)+£;kin(/) + ^pot(/), 

where 

C(/):= JjQ{fix,v))dvdx 

and (5 is a given function satisfying the following 
Assumption on Q: 

QeC^([0,oo[) is strictly convex, g(0) = g'(0) = 0, and g(/)//^oo, f^oo. 

In particular, this implies that Q>0 and Q' : [0, oo[— > [0, oo[ is one-to-one and 
onto. 

We study the following variational problem: Minimize He over the set 

J'M:^{feLl{m')\C{f) + EUf)<oc, pfeL'/'{m'), Ijf-M}, (2.1) 

where M>0 is prescribed and L^(1R®) denotes the set of a. e. nonnegative 
functions in L^(IR^). Note that since p/ G L^'"'(1R'^) the convolution defining 
Uf exists in L*^(IR^) with VC// G -L^(IR^) according to the extended Young's 
inequality, and the potential energy of p/ is finite. 

In order to guarantee the existence of a minimizer we will require addi- 
tional growth conditions on Q to be introduced later; at the moment Epotif) 
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could be minus infinity for / G J^m- A typical example of a function for which 
there exists a minimizer is Q{f) = /^+^/'^ with 0<k < 3/2. 

To obtain a reformulation in terms of spatial densities p which captures 
the essential properties of this variational problem we proceed as follows. For 
r > we define 

^^.-{^eL^lR^')! J (^^\v\'giv)+Q{giv))yv<oo, lg{v)dv = r^ (2.2) 
and 

$(r):= mf / (^^\v\'g{v) + Q{g{v))yv. (2.3) 

In addition to the variational problem of minimizing Tic over the set J-'m we 
consider the problem of minimizing the functional 

HUp) / Hp{x))dx + E^M (2-4) 

over the set 

:?^:=|peL^/5nL^IR^) I J^p(x))dx<oo, Jp(x)dx^M^ (2.5) 

The relation between the minimizers of Tic and Ti^ is the main theme of this 
section, and a remark on how we passed from He to He can be found at the 
end of the section. 

Theorem 1 (a) For every function f e J-'m, 

nc(f)>H^ciPf), 

and if f = fo is a minimizer of He over J^m then equality holds. 

(b) Let po&J-'l^ be a minimizer of Hq with induced potential Uq. Then 
there exists a Lagrange multiplier Eq^WI such that a. e., 



Po- 

Denote by 



{^')-\Eo-Uo) ,Uo<Eo 
,Uo>Eo. 



E ^ E{x,v) :=^\v\'^ + Uo{x) 
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the energy of a particle at position x with velocity v, and define 



iQ'y\Eo-E),E<Eo, 
,E>Eo. 



Then /q G J^m is a minimizer of Tic ■ 

(c) Now assume that HJq has at least one minimizer in T\^. Then the 
following holds: If fo G J-'m is a minimizer of He then po •=P/o ^ i^ 
a minimizer ofTi^, this map is one-to-one and onto between the sets 
of minimizers of Tic in Tm Q.nd of 7^^ in T'^^f respectively, and is the 
inverse of the map Po^fo described in (b). 

Remark. This theorem does not exclude the possibihty that Tic has a min- 
imizer but I-Cq has none. In the next section we show that under appropriate 
assumptions on $ the reduced functional Ti^ does have a minimizer, and 
then the theorem guarantees that we recover all minimizers of Tic in by 
"lifting" the ones of as described in (b). 

Before we prove this theorem, we investigate the relation between Q and 
$; for a function /i : IR—i>] — 00,00] we denote by 

h*{\) := sup(Ar — /i(r)) 

reR 

its Legendre transform. Some of the results of the lemma below will be 
relevant for the next section. 



Lemma 1 Let Q be as specified above, let $ be defined by (\2.^ , ( \2.^ , and 
extend both functions by +00 to the interval ] — oo,0[. 

(a) ForXeM, 

\v\'^ ] dv. 



2' 

and in particular, Q* (X) = = ^* (X) for A<0. 

(b) $ G C^([0,oo[) is strictly convex, anc? $(0) = $'(0) = 0. 

(c) Let k>0 and n = k-\- 3/2. As in the rest of the paper, constants denoted 
by C are positive, may depend on Q or M , and may change from line 
to line (or within one line). 
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(i) IfQ{f) = Cf^+^l^, />0, theM^{p)=Cp^+^/'\ p>0. 

(ii) IfQ{f)>Cf^+^/^, f>0 large, then <^{p)>C p^+^l'\ p>0 large. 

(iii) IfQ{f)<Cf+^/'', />0 small, then ^p) <C p^+^Z"", p>0 small. 

If the restriction to large respectively small values of f can be dropped, 
then the corresponding restriction for p can be dropped as well. 



Proof. By definition, 



$*(A) = sup 

r>0 



Ar 



= sup sup 

r>0 g^Qr 



~IMJ (^2^'^\'9{v)+Q{g{v))) dv 



— sup 



sup 
y>o 



X--\v\')g{v)-Q{g{v)) 
>^-l\v\')9{v)-Q{9{v)) 



dv 

dv 



>^-l\v\']y-Qiy) 



dv ■- 



As to the last-but-one equality, observe that both sides are obviously zero 
for A < 0. If A > then for any g e L^(IR^) , 



/ 



X--K)9{v)-Q{g{v)) 



dv 



<-J 



sup 

y>0 



X-^\v\']y-Q{y) 



dv. 



If \v\ > v2A then suPj^>q[---] = 0, and for \v\ < V2A the supremum of the term 
in brackets is attained at y = yv '■= {Q')~^ (^X — ^\v\'^^. Thus with 



yv , \v\ <V2X, 
, \v\>V2X, 



we have 



/ 



sup 

y>0 



X--\v\']y-Q{y) 



-I 

< sup / 



X-^\v\']go{v)-Q{go{v)) 



dv 



1 



X--\vng{v)-Q{g{v)) 



dv, 



and part (a) is established. 
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Since Q is strictly convex and lower semi-continuous as a function on 
IR with lim|/|^ooQ(/)/|/Hoo, g*eCi(lR), cf. Prop. 2.4]. Obviously, 
Q*(A) = for A<0, in particular, (Q*)'(0) = 0. Also, {Q*)' is strictly increas- 
ing on [0,00 [ since Q' is strictly increasing on [0,oo[ with range [0,oo[. Since 
for |A| < Aq with Aq > fixed the integral in the formula for $* extends over 
a compact set we may differentiate under the integral sign to conclude that 
$* G C^(IR) with derivative strictly increasing on [0,cxd[. This in turn implies 
the assertion of part (b). 

Finally, Q(/)>C/l+l/^ />0 large, implies that > C/^+i/'^ - 

C", />0. Thus 

g* (A) <C + sup (/A - C f^'/') =C' + -^ f TTT^l ' A^+^ A > 0, 
/>o^ ^ l + k\CQ{l + k)J 

and 

$*(A) <CA=^/' + C / (x--\v\A^^\v = 0X^/^ + f^E^+'^VX^dE 

~ J\v\<V2X\ 2' ' / Jo 



l\v\<V2\ 

= C' + CX''+^^^ = C' + CX^+", A>0. 

This in turn yields the assertion on $ in (ii). The assertion in (i) is now 
obvious. As to (iii) note first that for A > and small the corresponding 
supremum is attained at small /'s, and thus 

<5*(A) < sup (Xf-Cf = CX^+\ 

Thus still for A > small, $*(A) > CA^^", which in turn implies the assertion 
for $. □ 

We now prove the theorem above. 
Proof of Theorem |T]. 

Proof of the inequality in part (a). For pEJ^l^ define 

^p:={/GJ-M|p/ = p}. (2.6) 
Clearly, for p = Pf with f &J^m, 

Cif) + EUf) > inf (C(/)+i?kin(/)) 
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> inf 



inf 



-\v\^g{v)+Q{g{v)))dv 



dx 



inf 



\v\^g{v) + Q{g{v)))dv 



dx 



(2.7) 



and the inequality in part (a) is established. 

An intermediate assertion. We claim that if / G J-'m is such that up to sets 
of measure zero, 



Q'{f)=Eo-E>0 , where f>0, 
Eo-E<0 , where / = 0. 



(2.8) 



with E defined as in (b) but with Uf instead of Uq and Eq a constant then 
equality holds in part (a). 

To prove this, observe that since Q is convex, we have for a. e. x G IR^ 
and every geGp^.(x), 

l\v\^g{v)+Q{g{v)) > hv\^f{x,v) + Q{f{x,v)) 



+ i^l\v\' + Q'{f{x,v))^ {g{v)-f{x,v)) a. e. 



Now by (gj), 

li\\v?+Q'{f)){g-f)dv=[ 

J \2 J J{f>o} J{f=o} 

= {E,-Uf{x))[ ig-f)dv+[ hvl'gdv 
Jif>o} ''{1=0} 2 



'{f>o} 



...+ 



-{E,-Ufix)) / {g-f)dv + 
J{f=o} 

f {E-Eo)gdv>0; 
J{f=o} 



{/=o} 2 



\v\'^gdv 



observe that g>0 and J gdv = J fdv so J{g — f)dv = 0. Thus we see that 



HPfix)) > 



\v\'f + Q{f))dv 



> inf 



v\^g + Q{g) I dv = ^{pf{x)) a. e. 
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and the proof of our intermediate assertion is complete. 
Proof of the equality assertion in (a). If foEJ-'M is a minimizer of He then 
the Euler-Lagrange equation of the minimization problem implies that ( |2.8| ) 
holds for some Lagrange multiplier Eq; this can be proved as in Thm. 2]. 
Thus equality holds in (a) by the intermediate assertion, and the proof of 
part (a) is complete. 

Proof of part (b). Let poEj-'^j be a minimizer of Hq. Then the Euler- 
Lagrange equation yields the relation between po and Uq. Let /o be defined 
as in (b). Then up to sets of measure zero, 

fo{x,v)dv= f (^Q'y'fEo~Uoix)-l-\v\Adv 

J\v\<y/2{Eo-Uoix)) V 2 / 

= m'iEo - Uo{x)) = m-\Eo - Uoix)) = poix) 

where Uo{x) <Eq, and both sides are zero where Uo{x) >Eq. Thus Po = Pfo, 
in particular, /q eTm- By definition, /q satisfies the Euler-Lagrange relation 
( |2.8D and thus by our intermediate assertion Ti-dfo) ='Hq{po). Therefore 
again by part (a). 



nc{f)>n^ciPf)>'>^ciPo)=nc{fo), feT, 



M, 



SO that /o is a minimizer of Tic and the proof of part (b) is complete. 
Proof of part (a). Assume that has a minimizer po eJ-'Ij and define /o as 
above. Then part (a), the fact that each pEJ-'lj can be written as p = Pf for 
some f eJ-'m, and our intermediate assertion imply that 

inf Hcif) > inf mPf)= ^c(p) 
feJ^M j^-Fm p'^-^m 

= nM=nc{fo)>mi Hcif). (2.9) 

Now take any minimizer qq eTm of Tic- Then by (|2.9| ) and part (a), 
inf Ucip) = inf Hc{f)=Hc{go)=nc{p,,), 

that is, minimizes 7i^, and the proof of part (c) is complete. □ 

Remark. If we define an intermediate functional 

P{p):=mJ I (^^\v\'fix,v) + Qif{x,v))^ dvdx 
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with Tp as defined in ( |2.6| ) then ( p.7| ) shows that 



^c(/)>^(p/)+£;pot(p/)> / $(p/(x))rfx + Epot(p/)=^^(p/) 

with equahty for minimizers. Note that P(p) is obtained by minimizing the 
positive contribution to Tic, which also happens to be the part depending on 
phase space densities / directly, over all /'s which generate a given spatial 
density p. Then in a second step one minimizes for each point x over all 
functions g = g(v) which have as integral the value p(x). 



These constructions are borrowed from |jT3| where they appear for the spe- 



cial case Q{f) = f^^^^'^ ■ In [|T3[ the resulting functional of p is investigated 
under the assumption of spherical symmetry by rewriting it as a functional 
of mp{r) -. = 471 Jq s'^p{s)ds where r:=|a;|. While minimizers of the present 
variational problems are spherically symmetric a posteriori, the a priori re- 
striction to spherical symmetry implies that any stability result derived from 
their minimizing property is restricted to spherically symmetric perturba- 
tions, which is undesirable. Moreover, in the last section we will comment on 
some extensions of the present techniques to situations where the minimizers 
are not spherically symmetric. 



3 Concentration-compactness principle and 
existence of minimizers 

In this section we prove a concentration-compactness principle that will yield 
a solution to the following variational problem: Minimize the functional 

ni:{p):=J^pix))dx + E,,,{p) 

over the set 

•^X/:={pe4(iR')l /$(p)<oo, |p = m} (3.1) 

for M > given and $ satisfying the following 
Assumptions on $: $ G C^([0,oo[), $(0) = = $'(0), and 

($1) $ is strictly convex. 

($2) $(p) > Cpi+i/", p > large, with 0<n<3, 
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($3) $(p)<Cpi+i/"\ p>o small, with 0<n'<3. 

Note that Lemma |1| tells us that the function $ which we constructed from 
a given Q in Section 2 has these properties, provided Q satisfies the growth 
conditions corresponding to ($2) and ($3). The aim of this section is to 
prove the following result: 

Theorem 2 The functional l-C^ is hounded from below onT^. Let (pi) <ZJ^\j 
he a minimizing sequence ofTiJ^. Then there exists a sequence of shift vectors 
(aj)clR^ and a subsequence, again denoted by {pi), such that for any e>0 
there exists R>0 with 

[ pi{x)dx>M-e, iGlN, 
Tpi: = pi{- + ai) ^ po weakly in L^^^''"(1R^), i^oo, 

and 

I po>M-e. 

JBr 

Finally, 

^Utp^-^'^Uq strongly in L^(1R'^), i— >-oo, 
and po G J-'^j is a minimizer of Ti^ . 

Here and in the following we denote for < i? < S* < oo. 



Br := {xeM^\\x\<R}, 
Br^s ■■= {xGlR^|/?<|x|<^}. 



We split our argument into a series of lemmas. The first thing to note is that 
is bounded from below on J^l^: 

Lemma 2 Under the above assumptions on $, 



n'cip)> jHp)dx-C-Ci^J^p)dxy\ peJ^M, 
in particular. 
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Proof. By the extended Young's inequality, interpolation, and assumption 
($2), 

-F (n^<r\\n\\^ <ninl|(5~")/3|| ||(n+l)/3 

--c/potlPJ S ^WPWq/^S^WPWi IIPIIi+i/„ 

<C + c(^l^p)dxy\ peTlt. 

Since n < 3, is bounded from below on JFJ^. □ 

Corollary 1 Any minimizing sequence for TVq in T\.i is hounded in 
^i+i/nj^j^s-j therefore has a subsequence which converges weakly in 

L1+i/"(1R3). 

Proof. By Lemma ^ / $(p) is bounded along any minimizing sequence. The 
assertion follows by ($2) and the fact that /p = M for pEJ-'lj. □ 
Note that the estimates above show that the definition ( p.l|) coincides 
with our earlier definition for the set !Fl^. We also see that the assumption 
($2) is quite natural. Next we prove a splitting estimate which will show 
that along a minimizing sequence the mass cannot vanish: 

Lemma 3 Let p^J^lj. Then 

f ^N^^WoZP/A^' ^IIPlll+l/n \ „ , 

Proof. We split the potential energy as follows: 

J J\x-y\<l/R \X — y\ J Jl/R<\x-y\<R J J R>\x-y\ 

=: h + h + h- 
By Holder's inequahty and Young's inequality, 

^ "-^ llPlll+l/n-"- ' 

here I5 denotes the indicator function of the set S'clR^. The estimates for 
I2 and J3 are straight forward: 

h<Rff p{x)p{y)dxdy<MR sup f p{x)dx, 

J J\x-y\<R aeR^Ja+Bfl 
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and 

I3<R-^M^. 

Putting these estimates together yields the assertion. □ 

Note that to obtain this estimate we actually split the Green's function 
l/\x\. To exploit this estimate along minimizing sequences we need to know 
that /i^ < oo. It is here that we need the assumption ($3): 

Lemma 4 (a) For every M>Q we have h]^ < 0. 

(b) For every 0<M<M we have h]^ > {M/Mf/^hl^. 

Proof. For pEJ^ and a,6>0 we define p{x) :—ap{bx). Then 

pdx = a6^^y pdx, 

J ^p)^b-^J ^ap)dx. 

To prove part (a) we fix a bounded and compactly supported function p e J^l^ 
and choose a = b^ so that P^^m ^ and since 3/n'> 1, 

Kip)-b-^J ^b^p)dx + bEpot{p)<Cb^/'''+bEpM<0, b^O, 

and part (a) is established. As to part (b), we take a — 1 and b= {M/My^^ > 
1. For pEj^l^ and p&T^ rescaled with these parameters we find that 

^C(P) = b-'J <^{p)dx + b-'EpM 

>b-'^^p)dx+E,M) = (^^^ nhip). 

Since for the present choice of a and b the map p i— > p is one-to-one and onto 
between and this estimate proves part (b). □ 

Corollary 2 Let {pi)<zTl^ he a minimizing sequence of 7i^- Then there 
exist So >Q, Ro> 0, io G IN, and a sequence of shift vectors (oj) C IR^ such 
that 

/ pi{x)dx>5o, i>io, R>Ro- 
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Proof. By Corollary |I], (||pj||i_|_i/„) is bounded. By Lemma ^ (a) we have 

EpotiPi) <'Hc{pi) <^hlj <0, i>io, 

for a suitable zqGIN. Thus by Lemma ^ there exist 5o>0, -Ro>0, and a 
sequence of shift vectors (oj) ClR^ as required. □ 

Finally, we will also need to exploit the well known compactness proper- 
ties of the solution operator of the Poisson equation: 

Lemma 5 Let (pi) C L^^^^^IJR'^) be bounded and 

Pi^Po weakly m L^^^'^'i^). 

(a) For any R>0, 

Vf/i^^p^^Vf/i^^po strongly m L'(1R3). 

(b) Ij in addition (pi) is bounded in L^(IR'^), poEL^IJR"^), and for any e>0 
there exists R>0 and tQ^JN such that 

r \p.{x)\dx<e,^>^o 

J\x\>R 

then 

VUp^-^VUp^ strongly in L^iJR^). 

Proof. As to part (a), take any R' > R. Since l + l/n>4/3>6/5, the map- 
ping 

is compact. Thus the asserted strong convergence holds on B^i. On the 
other hand, 

4jvc/„,,p<;.<^l|i«.,.li;<^.>eKu{o}, 

which is arbitrarily small for R! large. As to part (b), we have for any i?> 0, 
II Vf/p. - Vf/,J|, < II Vf/i,^,. Vf/i,^,J|^ + II Vf/i,^^^,. - Vf/i,^^^,J|^. 
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Using the extended Young's inequality, interpolation, and the boundedness 
of the sequence in L^+^/"(lR^) we find that 



Given e > we now choose i? > and io ^ IN such that this is less than e > 
for i>io, and recalling (a) completes the proof. □ 

We are now ready to prove the main result of this section: 
Proof of Theorem ^ 
We split p G J-'Ij into three different parts: 

P = Ififli P + Isfli P + lBfl2,ooP = : Pi + P2 + Ps; 
the parameters Ri < R2 of the split are yet to be determined. With 

'Pi{x)pm{y) 



we have 



\x-y\ 



Lm = 1,2,3, 



^c(p)=^c(Pl)+^c(P2)+^c(P3)-/l2-/l3-/23. 

If we choose R2 > 2Ri then 

C 

Ii3< — • 
R2 

Next, we use the Cauchy-Schwarz inequality, the extended Young's inequal- 
ity, and interpolation to get 

^ |y'v(t/i+f/3)-Vt/2rfx|<C||pi+p3|l6/5l|Vf/2||2 

<c^iiPii!:Tiivf^2ii2- 

Using the estimates above and Lemma ^ (b) we find with Mi = J pi, 1 = 1,2,3, 

^r(.^(, fMl\'/' fM2\'/' /M3\^/n 



/i2 + 123 — -r- 



+c[R2'+\\p\\\7yrm2\\2; 
< ^ (M1M2 + M1M3 + M2M3) hi, 

+ C(i?- + ||p||S:tr||Vt/2||2) 

<Chl,M,M, + c{R,' + \\p\\t,\'/^'\\\/U2\\,)-, (3.2) 
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observe that by Lemma ^ (a) /i^j < and that constants denoted by C are 
positive and depend on M and $, but not on Ri or R2. We want to use 
(|3.2D to show that up to a subsequence and a shift M3 becomes small along 



any minimizing sequence for i large provided the splitting parameters are 
suitably chosen. 

The sequence T pi := pi{- + ai) , zGlN, is minimizing and bounded in 
^i+i/n^jj^s-j there exists a subsequence, denoted by (Tpi) again, such that 
Tpi^po weakly in L^+^/"(lR^), cf. Corollary |l|. Now choose Rq < Ri so that 
by Corollary ||, Mj^i > 60 for i large. By (^), 

-C'/i;A^,,3<^+C'||Vf/o,2||2 + C'||Vf/..2-Vf/o,2||2 + ^c(^P^)-^M 

(3.3) 

where Ui^i is the potential induced by pi^i which in turn has mass M,^;, 
1NU{0}, and the index Z = 1,2,3 refers to the splitting. Given any e>0 we 
increase Ri > Rq such that the second term on the right hand side of (|3.3| ) 
is small, say less than e/4. Next choose i?2>2-Ri such that the first term 



is small. Now that Ri and R2 are fixed, the third term in ( |3.3|) converges 
to zero by Lemma |^ (a). Since [Tpi) is minimizing the remainder in ( |3.3| ) 
follows suit. Therefore, for i sufficiently large, 

/ Tp, = M- M,,3 > M - {-Chl,6o)-'e. (3.4) 

Clearly, po^O a. e.. By weak convergence we have that for any e>0 there 
exists R>0 such that 

M> I podx>M-e 
JBr 

which in particular implies that po ^ (2^^) with / p^dx = M. The functional 
pt-^ J^[p)dx is convex, so by Mazur's Lemma and Fatou's Lemma 



^{pQ)dx<\imsup / ^{Tpi)dx. 



The strong convergence of the gravitational fields now follows by Lemma ^ 
(b), and in particular. 



'^c(Po) <linisup7-^^(pi) = h'^ 



M 



SO that Po is a minimizer of Ti^- □ 
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4 Applications, symmetries, extensions 



Although the main purpose of the present paper is to get a more general 
understanding of the techniques developed in |jl|, |], ||, ||, H, |10|, |Tl| we want 
to at least indicate some possible applications of these techniques. First we 
should mention that P] differs from the other papers in so far as there the 
Casimir functional is used as part of the constraint under which then the total 
energy is minimized. This made it possible to relax the growth conditions on 
Q — <k<7 /2 is covered in |Q — ,but since in the reduction process we turn 
C(/) +-Ekin(/) into a new functional of p, |^ seems to be outside the present 
framework. 

We start with the observation, already noted in Theorem that if po ^ 
is a minimizer of with induced potential Uq then 

i^)AEo-Uo).-\ Q ^^^^^^^ 



Po- 
and thus 

Af/o = 47r(<l>');^(^o-f/o) (4.1) 
on IR'^. The corresponding minimizer of He, 



fo 



{Q')-\E,-E) ,E<E, 
,E>Eo, 



is a steady state of the Vlasov-Poisson system, since E = E{x,v) = ^\vY + 
Uo{x) is a conserved quantity for the characteristics of the Vlasov equation 
with potential Uq induced by Po = P/o- Steady states obtained in this manner 
have finite mass M, which is a necessary property for physically relevant 
steady states. We remark that the ansatz fQ = (j){EQ — E) reduces the sta- 
tionary Vlasov-Poisson system to the semilinear Poisson equation 



dv 



which is exactly ( |4.1| ), provided Q can be chosen such that {Q')~^ = (f) 
1R+ and = on 1R_ . As far as the existence of steady states is concerned 
our "reduced" approach allows us to cover /o = {Eq — E)\_ with — l</c<3/2 
which leads to ( |4.1| ) with right hand side C [Eq — Uq)'^ with n = k + ?)/2 in 
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the permissible range ]0,3[; note that the lower bound k> —1 is necessary to 
make the f-integral above converge. With the direct approach working with 
He we were restricted to 0<k<3/2. 

The main feature of steady states obtained as minimizers in this manner is 
that their nonlinear stability. Since this is the main point in the investigations 
cited above, we do not go into this here. Instead, we briefly look a the 
role of symmetries in our problem. First we note that for any po ^ 
spherically symmetric decreasing rearrangement, denoted by p^, also lies in 
J-'Ij and satisfies 

J $(po)= / HpD, i?pot(po)>i?pot(pS) 

with equality if and only if po = Po(' ~^*) for some x* elR^ cf. 0, Thms. 3.7, 
3.9]. In particular, any minimizer of Ti.^ must be spherically symmetric with 
respect to some point in IR'^. If we are only interested in solving (|4.1| ) or the 



stationary Vlasov-Poisson system we therefore loose nothing if we restrict 
ourselves to the set of spherically symmetric functions in J-'lj. The crucial 
part of the concentration-compactness argument simplifies considerably un- 
der this restriction: 



Lemma 6 Define 

3M2 

"-A/ 



Let pEJ-'pf be spherically symmetric, R>0, and 



m:= p. 

l{\x\>R} 



Then the following estimate holds: 



mp)>h\ 



M' 



1 1 

Rq r 



{M — m)m. 



If R> Rq then for any spherically symmetric minimizing sequence {pi)<zJ^lj 

ofn^ 



lim / Pi = 0. 

«^ooJ|x|>_R 
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Proof. Clearly, 



J \x y\ 

where pi = 1b^p, p2 = p — pi- Due to spherical symmetry, 



\x-y\ 



dxdy = — J VUp-^ -VUp^dx 

/ pi(s)s'^ds— / p2(s) s'^dsr'^dr 
Jo Jo 

{M — m)m 



oo 47,- 
~~2 



r 

oo 



■■■dr< 



R 



R 



Thus by Lemma ^, 



Kip)>hl,^m + hl, 



{M — m)m 



R 



> 



> 



M 



1 



5 M — m m 
3 M M 



MJ 



'I'M 



{M — m)m 



R 



{M — m)m 
R 



which is the first assertion of the lemma; note that the scaling transformations 
in the proof of Lemma |^ preserve spherical symmetry. Now take R> Ro and 
assume that the second assertion were false so that up to a subsequence. 



/ pi = m>0. 

J\x\>R 



lim 



Choose Ri > R such that 



m, 



:= / Pi = 7; f Pi- 

J\x\>Ri 2J\x\>R 



By the already established splitting estimate. 



1 1 

-Ro Ri 



{M -mi)mi>h\^ + 



1 1 

Ro R 



{M-mi)mi, 
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(M-m/2)m/2>/i^^, 



and with i—*oo, 

/,»' > /,»' _i_ [ i_ 

'I'M — "'M ^ ID D 
.ThQ iX_ 

a contradiction. □ 
The lemma above now replaces Lemma ^ Corollary and the proof of 



(|3.4|) which relied on the fairly lengthy argument via (|3.2|) and ( |3.3|) . In 



addition, we get a somewhat sharper result on the minimizer: 

That spherical symmetry helps with compactness issues was already noted in 
[|r^ . The a-priori restriction to the spherically symmetric case is undesirable 
in view of resulting stability assertions: These would then be restricted to 
spherically symmetric perturbations. Moreover, the symmetry simplification 
cannot be used if one does not a priori know that the minimizers will be 
spherically symmetric. One example for this situation is the construction of 
steady states with axial symmetry, say with respect to the xa-axis, by making 
Q in addition depend explicitly on Xif2 — X2fi, the angular momentum with 
respect to the axis of symmetry. Exactly the same reduction procedure as 



before now gives a function $ that depends in addition on r = ya;f + X2, and 
minimizers will not be spherically symmetric. An investigation of axially 
symmetric steady states and their stability will be the content of . Another 
situation where the minimizers will in general not be spherically symmetric 
arises if one includes in the Vlasov-Poisson system an exterior gravitational 
field, say Ue = Up^ with some fixed pe ^ nL^+^/"'(lR^). It is quite easy to 
check that all the analysis carried out in this paper extends to this case; only 
the potential energy needs to be modified accordingly: 



Epot 



2 J J \x — y\ J J \x — y\ 

= P{^)Up{x)dx + J p{x)Ue{x)dx, 

and if pe is not spherically sjnnmetric then neither are possible minimizers. If 
one wishes to study the minimization of Ti^ with generalized to ^{x,p) 
the crucial step in the analysis which restricts the possible dependence on x 
is the scaling in Lemma H. 
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